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1 Introduction

The Poisson algebras appear naturally in the Poisson geometry. The Poisson
manifold is a differential manifold M such that the algebra of smooth functions
over M is equipped with a bilinear map called the Poisson bracket, turning
it into a Poisson algebra. With the development of noncommutative geometry,
noncommutative versions of Poisson algebras have been introduced and
investigated from different perspectives, see, for examples, [3-6,9,10].

In this paper, we follow the notion of noncommutative Poisson algebras
as introduced in [5]. By definition, a Poisson algebra over a field K means a
triple (A4, -,{-,-}), where (4, -) is an associative K-algebra and (A4, {-,-}) is a Lie
algebra over K, such that the Leibniz rule

{a,bc} ={a,b}c+ b{a,c},

or equivalently,
{ab,c} = {a,c}b + afb, c}

holds for all a,b,c € A. We also call (A,-,{--}) a Poisson structure on the
algebra (A,-) or on the Lie algebra (A, {-,-}). This version of Poisson algebras
has been widely investigated by many mathematicians recently, for examples,
[7,8,11]. Notice that as an associative algebra, A is not required to be
commutative.
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There are two natural ways to construct the Poisson algebras, say from
given associative algebras [11] and from given Lie algebras [7]. Clearly, any
noncommutative K-algebra (A,-) has a natural standard Poisson structure
(A, -, A[-,-]), where [-,-] is the commutator, i.e.,

[a,b] = ab—ba, Y a,be A,

and A € K.

In fact, all Poisson structures on many known noncommutative associative
algebras are standard, for example, on the simple algebras [7], on the algebras
of upper triangular matrices T),(KK) [7], on the poset subalgebras of M., (C) [8],
and on the noncommutative prime algebras [6]. It seems that the first example
of noncommutative, non-standard Poisson algebras were obtained in [11] via the
quiver technique by considering the so-called inner and outer Poisson structures
on path algebras.

In this paper, we determine the Poisson structures on basic cycles
completely. In Section 2, we classify all Poisson structures on the path
algebra of a basic cycle. Section 3 deals with the path algebra of a basic cycle
with any relation. As we show, all Poisson structures on basic cycles are inner
in the sense of [11].

Throughout the paper, K is a field of characteristic 0. For unexplained
notations on quivers, we refer to [1,2].

2 Poisson structures on a basic cycle

Let (A,-,{-,-}) be a Poisson algebra. For a € A, the linear transformation
{a,-}: A — A is called the Hamiltonian of a and denoted by ham(a). The
Leibniz rule just says that ham(a) is a derivation of the associative algebra
(A,-). A Poisson algebra (A, -, {-,-}) is said to be inner if ham(a) is an inner
derivation of (A,-) (i.e., ham(a) = [d’,-] for some o’ € A) for all a € A.

Recall a characterization of inner Poisson structure in [11]. Denote by &2(A)
the set of all K-linear transformations g of A satisfying

l9(z), y] = [z, 9(y)], (2.1)
l9(x), 9(y)] — g([9(x), y]) € Z(A) (2.2)

for any z,y € A, and
Z(A) C Kerg. (2.3)

Lemma 2.1 [11] Let (A,-) be an associative algebra. Let (A,-,{-,-}) be an
inner Poisson algebra on (A,-). Then there exists some K-linear transformation
g of A satisfying (2.1)~(2.3) such that

ham(a) = [g(a),-], Vae€ A.
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Conversely, let g be a K-linear transformation of A satisfying (2.1) and
(2.2). Then g induces an inner Poisson structure (A,-,{-,-}) on A, whose Lie
bracket is given by

{a,b} = [g(a),b], ¥ abe A,
We also need the following lemma for later use.
Lemma 2.2 [11] Let (A,-,{-,-}) be a Poisson algebra, and let {e1,...,e,} be
a set of pairwise orthogonal idempotents of (A,-). Then
() {eses} =0 for any 1 <i,j <n.
(ii) Ifx € ejAej, y € epAeq, and j # p, q # i, then

{z,y} = eiep{z, yleqe;.
In particular, if in addition i # p or j # q, then
{e;Aej,epAeq} = 0.

Recall that a quiver Q = (Qo,Q1,s,t) is an oriented graph, where Qg is
the set of vertices {e1,...,e,}, @1 is the set of arrows, and for any arrow «,
s(a) and t(«) are the source and target vertices of «, respectively. Denote by
K@ the path algebra of @). Let @ be a finite quiver, and let I be an admissible
ideal of KQ. We call the pair (@, I) a bound quiver and K@Q/I the bound quiver
algebra of (Q,I), see [1, Definition 2.1]. A famous result of Gabriel says that
any finite dimensional elementary algebra can be realized as a bound quiver
algebra, see, for instance, [1, Theorem 3.7]. A Poisson algebra (A4,-,{--}) is
said to be a quiver Poisson algebra of a quiver @) if as an associative algebra, A
is either the path algebra or a bound quiver algebra of ). The following result
is easy.

Lemma 2.3 Let (A, -, {-,-}) be a quiver Poisson algebra of a quiver QQ =
(Qo,Q1). Then

(i) {e,a} =0ife# eya)s i) for any e € Qo,a € Q1.

(i) {esa), af = {a,eya)} € es(a)Aeya) if s(@) # t(e).
Proof (i) follows from Lemma 2.2 (ii) easily, and we need only to prove (ii).

i
Consider e € Qp and « € @1 with s(a) # t(«). By Leibniz rule and Lemma 2.2
(i), we have

{e,a} = {e, es)@eia) } = esa){e Ateya) € es(a)Ali(a)-
Since s(a) # t(a), we get
0= {Oé, 6s(oz)et(oz)} = es(a){av et(a)} + {Oé, €s(a) }et(a)

and hence,

{a,et(a)} = {es(a),a}. ]
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Now, we focus on basic cycles. Recall that a basic cycle of length n, denoted
by C,, is an oriented graph with n vertices ey,...,e, and a unique arrow «;
from e; to e;41 for each 1 < i < n, here, we take the indices modulo n. Denote
by pj the unique path in C), of length s and starting at e;, in particular, we
have p! = e;, p} = o;. Clearly, the path algebra KC,, has a K-basis {p{ | s >
0; i =1,...,n} and the multiplication is given by

t__ +t
Pipj = igsp; s

where 6;4 j is Kronecker’s delta. Since KC), is generated by vertices and arrows,
by Leibniz rule, a Poisson bracket on KC), is uniquely determined by {p, pé-},
1<4,75<nands, t=0,1.

Remark 2.4 For n = 1, the path algebra KC,, is a polynomial algebra in one
variable. It is well known that the only Poisson structure on KC), is the trivial
one. The reason is that for a Poisson algebra, 1 is always in the center of the
Lie algebra.

Lemma 2.5 Let (A,-,{-,-}) be a quiver Poisson algebra of the basic cycle Cy,
where n = 2 is a given integer. Then

(i) {ou, 05} =0, ifi—j#+£1;
(i) ai—1{ei, i} = {ai—1,eita; € ej_1Aei41.
Proof (i) It is obvious by Lemma 2.2 (ii).

(i) By Lemma 2.2 (ii) and Leibniz rule, we have
0={ei,ai10;} = oi—1{e;, i} + {es, i1 b

Clearly,
ai1{ei, it = {1, ei}ay € ej_1Aejq. O

Combined with Lemma 2.3, we obtain the following result, which is crucial
in determining Poisson structures on KC),. Note that by Lemma 2.3,

{er,an} = Z >\l10l1nJrl

0<I<q

for some integer ¢ > 0 and \; € K.
Corollary 2.6 Let (KC,,,{-,-}) be a Poisson algebra, and let

{er,an}t = Z Alplflﬂ,

0<I<q

where ¢ = 0 is an integer and \; € K. Then

{eiai} = > api™h i=2,...n.

0<I<q
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Proof By Lemma 2.3 (ii), we may assume that

{e;, 05} = Z )\(l ln+1

0<i<q;

where for i = 1,...,n, ¢; > 0 is an integer determined by ¢ and )\Z(l) € K. Again
by Lemmas 2.3 (ii) and 2.5 (ii), we have

a;i—1{ei, i} = {ai 1,6ty = {ej 1,05 1}y, i=1,...,n.
Hence,
!
Z )\Z( )pisz{Z _ Z )\ ln+1
0<i<q; 0<i<q;
l
_ Z )\( )1pin+1
0<i<qi—1
_ Int+2
- Z )‘z 1P zn
0<i<qi—1
It follows that AV = ... = AP =\ f Land g = =g, = 0
1 = "= Apns = A IOr any ¢, and qp = =dq4n =4(¢.
Proposition 2.7 Let (KC,,-,{-,-}) be a Poisson algebra with n > 2. Then
there exists an integer ¢ = 0 and a vector (Ao, A1, ...,Aq) € K9+ such that

{p5. 05} = Y Nl =y, Vij=1,...n, Vs,t>0.
0<i<q

Proof By Lemma 2.3 (ii), we may assume that

{er,an}t = Z Alplflﬂ-

0<I<q

If n =2, then
{041,042} = {041,62}042 - {042,61}041-

If n > 3, then, by Lemma 2.5 and Corollary 2.6, it is easy to check that

S ot =i+

0<i<q
{anaiy =9 = 3 api"? j=i-1
0<i<q
0, otherwise.
In any case, we have
Il pintl .
{ai, a5} = Z)\ et "+ @), YVi,j=1,...,n.

0<i<q
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By the Leibniz rule, we have

{0}, 05} = {aiqiq1 - Qigs—1, a1 o1}

= E Qi G Q1 F O Qs
i<I<its—1

= g Q- Qe e agp—1{ag, aptagqr - Qjpt—100 41 " Qg1
i<I<its—1
J<h<GHt—1

= Qiyso{Qiys1, Oéj}ajﬂ C Q-1
— Qe Oéj+t—2{04j+t—1, Oéz'}OéHl Qi s—1

-1 In+1 t—1 l 1
=P} ( > apiit 1)1?] P, < > il 1>pz

0<I<q 0<I<q

l + t l +t
Z >\l n+s n pf) 0
0<i<q

Now, applying Proposition 2.7, we obtain all Poisson structures on the basic
cycle C,,, which gives the main result of this section.

Theorem 2.8 Let C), be a basic cycle with n > 2, and let KC,, be the path
algebra. Then, for any Poisson structure (KC),,-,{-,-}) on KC,, there ezists a
K-linear transformation g: KC,, — KC,, satisfying (2.1) and (2.2) such that

ham(z) = [g(x),-], V z e KC,.

Consequently, any Poisson structure on a basic cycle is inner.
Conversely, for any integer ¢ > 0 and any vector (Ao, A1,...,Aq) € K9+,
the K-linear transformation

g: KC, — KCp,

p s Z )\pln-l—s
0<i<q

induces a Poisson structure on KC,, and the Lie bracket is given by

! ! .
{p,p}} = E N(p ol p]"pr) Vi, j=1,...,n, ¥V s,t>0.
0<i<q

Proof Let (KC,,-,{-,-}) be a given Poisson algebra. We may define a K-linear
transformation g: KC), — KC), by setting

Z )\lpln+s

0<i<q

for any 1 < i < mnand s > 0, here ¢ and \;’s are determined by (KC),, -, {-,-})
as given in Proposition 2.7. Then
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l9(p}), P}l = [ > Azpﬁ"“,pﬁ}

0<i<q
o In+s_t t In+s
= Z Al(pi P —Dp;p; )
0<i<q
o In+s_t In+t_s
= Z Ai(p; b —D; 29
0<i<q

= {pf,pﬁ-}, Vi,j=1,...,n, Vs,t>0.

It follows that
{z,-} =[9(x),-], VzeKC,,

and hence, (KC,, -, {-,-}) is inner.
For the converse part, it suffices to show that g satisfies (2.1) and (2.2). In
fact, by the definition of g, we have

l9(p?), P%] = [P}, 9(P})],

Vi,j=1,...,n, Vs,t>0.
l9(®7), 9(5)] = glg(ps), il

By Lemma 2.1, we know that ¢ gives a Poisson structure on KC),, and the
bracket is clear. O

3 Poisson structures on a basic cycle with relations

Let A = KC,,/I be the bound quiver algebra of the basic cycle C), (n > 2) with
an admissible ideal I. One can easily show that an admissible ideal must be
monomial for a basic cycle. Moreover, for any vertex e;, there exists a maximal
l; such that péi isnot in I. Such an [; always exists since I is admissible and pé el
for sufficiently large [. Clearly, I is generated by the paths pé”l, 1<i<n
Without loss of generality, we may assume that

lh=minl;, L—1=ng¢g+r;, ¢GeN 0<rn<n—-1 1<i<n.
1<i<n

By definition, we have the following property.

Proposition 3.1 Let A, I, l;, q;, and r; be as above, and assume that I1 =
minygi<n li- Then q1 < ¢; < q1 + 1. Moreover, v, > r1 if ¢; = q1, and r; <
rr—1+1 Z'fqi:ql—l—l.

Proof Since péi is the longest non-zero path in A with the source i, we have
l; <liyz1+ 1, and hence, I1 < I; < Il1 +n — ¢+ 1 by the minimality of Iy, or
equivalently,

r —T;

rr—r;—i+1
¢+ <g<q+1+ ' :
n n

(3.1)

Clearly,
—(n-1)<r—r<n-1
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for each 0 < r; < n — 1. Therefore, we have ¢ < ¢; < ¢1 + 1. The rest part
follows easily from inequality (3.1). O

Similar to the path algebra case, a Poisson structure on KC,, /I is uniquely
determined by {pf,pg-}, s,t =0,1, 1 <i,7 < n.Let E denote the set of arrows
{a; | i =0} Set V=Ae; | ¢ =q}ifry #0,and V = 0 if r; = 0 for
consistency. Remove the arrows in E and the vertices in V' from the quiver
C,, and assume that the remained subquiver has m connected components, say
P, P, ..., P,. Notice that when a vertex is removed from a quiver, all arrows
incident to it will be removed automatically. Clearly, we have the following
fact.

Lemma 3.2 Let A, I, l;, qi, i (1 < i< n), and P, (1 < k < m) be as
above.

(i) Ifry =0 and p?qﬁr %0 for somer = 2, then e;,e;11,...,¢€1r_1 belong
to the same component Py for some k.
(i) Ifr # 0 and p?(q1+1)+r # 0 for some r = 2, then e;,€j41,...,€1r_1

belong to the same component Py, for some k.

Proof Ifry=0andp!®™" £0, r > 2, then pzq1+2 #0fori <k <i+r—1,and

7

hence, o, ¢ E. Therefore, €;,€;11,...,€ej4r—1 belong to the same component
P, for some k.
The case 1 # 0 is similarly proved. O

By Lemmas 2.3 and 2.5, we may assume that

{enaiy= > AVp

0<I<q;

for some )\El) € K. By using the similar argument, we obtain the following
analog of Corollary 2.6.

Lemma 3.3 Let A, I, l;, qi, i (1 < i< n), and P, (1 < k < m) be as
above. Let (KCy/I,-,{-,-}) be a Poisson algebra, and for each i, let

(e, a5} = Z )\Z(l)pén+1‘

0<i<qi
(i) Ifry =0, then )\gl) ==\ for0 <1< q—1, and )\gql) = )\gql)
when e; and e; are in the same component Py, for some k.
(i) Ifri #0, then A = - = AP for 0 <1 < qr, and A"FD = A0 FY

when e; and e; are in the same component Py, for some k.

Proof By Lemmas 2.3 (ii) and 2.5 (ii), we have

ai—{e, o ={ai—1, e} = {ej—1, a1}y,
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and hence,

Z )\(l)p;szlr2: Z )\ ln+1

0<I<q; 0<I<q;

— l +1
- Z >\z 1p7,n

0<i<qi—1

=Y A

0<I<qi—1

If 1 = 0, then g = ¢1 for all k, andpln+2750f0r0<l<q1—lby
Proposition 3.1. By comparing the coefficients in the above equality, we have

)\(l)l = )\(l) forall 0 <1< ¢ —1and 1< i< n. Now, consider the case | = ¢;.
Suppose i,7 — 1 € Py for some 1 < k < m. By definition of P, we know that

lici=nqg +7ri1+12nq +2

nq1+2

since r;_1 > 1, and hence, p,”;"" # 0. By comparing the coefficients again, we

have )\gql) = )\Z(Ell) . Since each Pk is a connected subquiver of C,,, vertices in Py
() _ )\gql)

are connected by a sequence of arrows in C,, which implies that \;
for any 4,5 € Pk.
The case r1 # 0 is proved similarly, and we omit it here. U

Theorem 3.4 Under the same assumption as in Lemma 3.2, let (KC,/I,-,
{-,-}) be a Poisson algebra.

(i) Ifri =0, then there exists a vector (Xo, ..., Ag =1, By - - s fln) € KOF™
such that

l l
{pz,p]}— Z )‘z+spzn+ts_ Z >‘J+tpjn+sp§’ (3.2)

0<I<qits 0<I<qj+t

where )\El) =N forall=0,1,...,¢1 — 1, and )\gql) = uy foralli € Py, k=
1,...,m.

(ii) Ifry # 0, then there exists a vector (Ao, ..., Agys i1y - - - » ) € KOFTFL
such that

l l
iy = > A - YD AN (3.3)
0<I<qiss 0<I<q;j++t

where )\Z(l) =N forall =0,1,...,q1, and )\;11+1 = up for alli € P, k =
1,...,m.
Proof We only prove (i), and the proof of (ii) is similar. By Lemma 3.2, we

may assume that
l
{eiai} = > A plt,

1<I<a;
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where )\El) =XNfor0<I<qg—1, and )\EQI) =pu fori e Py, k=1,...,m.
By the similar argument in the proof of Theorem 2.8, we obtain equality (3.2),
which completes the proof. (|

By Theorem 3.4, we conclude that all Poisson structures on KC), /I are
inner.

Theorem 3.5 Let A = KC,,/I be a bound quiver algebra of C,,. Then for
any Poisson structure (A, -, {-,-}) on A, there exists a K-linear transformation
g: A — A satisfying (2.1) and (2.2) such that

ham(z) = [g(x),-], Vz € A.

Consequently, any Poisson structure on a basic cycle is inner.

Conversely, let l;, q;, r; (1 <i<n), and P, (1 <k <m) be as above.

(i) Ifri =0, then for any vector (Ao, ..., Agy—1, 1, - -, pim) € KBFT™ there
exists a Poisson structure on KC), /I such that the Lie bracket is given by (3.2).

(ii) Ifry # 0, then for any vector (Ao, ..., Agys s - - - » flm) € KOT™FL there
exists a Poisson structure on KC), /I such that the Lie bracket is given by (3.3).

Proof Using the same assumption in Lemma 3.3, we only prove that it holds
if 1 = 0, and the proof of the case r1 # 0 is similar. By Theorem 3.4, we know

that each Poisson structure on A corresponds to a vector (Ao, ..., Ag—1, f1,- - -,
ug) if 11 = 0. Let g: A — A be the linear transformation given by
0 1
g = Y Al (3.4)
0<I<Gi+s

for 1 < s < l;, where )\El) =) Nfor0<I<q—1; )\E(Il) = ug forall i € Py, k=
1,...,m; and

l n l n
g(en——( S A0 Y A§>pé+1), (3.5)

0<I<qi—1 0<I<q;

where ¢} = max{g;,¢;—1} for 1 <i < n.
It is direct to check that

{pi,-} =1[9),-], VYs=0,1,....l; Yi=1,...,n,

l9(p), p%] = [P}, 9(P)],
l9(p), 9(P5)] = 9([9(p?), PE]),

by Lemmas 3.2, 3.3, and Theorem 3.4.

Conversely, for any vector (Ao, ..., Ag—1,f41;-- -, fm) € K2 define the
K-linear transformation g: A — A given by (3.4) and (3.5), and again one
checks that ¢ satisfies (2.1) and (2.2). Therefore, g induces an inner Poisson
structure on A. O

Vi, j=1,...,n, Vs,t >0,
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Corollary 3.6 Let (KC,/I,-,{-,-}) be a Poisson algebra. If R* C I C R3,

then KC), /I is a standard Poisson algebra, where R is the ideal generated by
all arrows.

Proof Clearly, if R ¢ I C R3, then ¢; =0 foralli=1,2,...,n and r; > 0.
By Theorem 3.4 (i), there exists a unique parameter \g such that

w505t = Xolp},p), Vij=1,...,n, Vs1t>0.

It follows that KC),/I has only standard Poisson structure. O

Example 3.7 Let Cjg be the basic cycle with 10 vertices, and let I be the
admissible ideal generated by p%o, p}f, and p%2. In this case,

Lh=9 1=13 I3=12, ly=11, Il5=13, Isg=12,
l7 = 11, lg = 12, lg = 11, llO = 10, q1 = 0, r = 8.

Clearly, E = {4, a7, a9} and V = {ey,e19} (see Figure 1).

a3

%y
10 ® 0\4
1 \
/ \
‘l la,
%y i‘
| |
\ /
\\ ’
90 o5
a
ag s

Fig. 1 Basic cycle Cio with black vertices in V' and dashed arrows in E
Removing the sets F and V from Cjg, we get three connected components
{2—-3—4}, {—-6—-T7}, {8—09}

By Theorem 3.5, we know that any Poisson structure on K@Q/I is determined
by a vector (Ao, i1, i, 13) € K*. Conversely, for any given 4-dimensional vector
(Mo, f41, b2, pi3), we can obtain a Poisson structure on K@ /I with the Lie bracket
induced by

{ei, 0} = Xoay + )\§1)p2117
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where
0, +=1,10,
)\(1) _ M1, 1= 2,3,4,
¢ W2, ©=D5,6,7,
13, 1= 8, 9.

Example 3.8 Let A =KC,/R?, where Q is a basic cycle with n vertices and
R is the Jacobson radical of KC,,. By Theorem 3.4, we know that the Poisson
structure on A is determined by a vector (i1, ..., p,) € K", with the Lie bracket
induced by

{ei,ai}:mai, izl,...,n.
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